The rare decay modes Higgs → four light fermions, and Higgs → single topquark + three light fermions for m t < M H < 2m t , are presented, and phenomenologically interpreted. The angular correlation between fermion planes is presented as a test of the spin and intrinsic parity of the Higgs particle. In Higgs decay to single top, two tree-level graphs contribute in the standard model (SM); one couples the Higgs to W + W − (∼ gM W ), and one to tt(∼ g top yukawa = m t /246 GeV).
INTRODUCTION
The existence of a Higgs scalar particle, or the onset of new physics at a few TeV or less, is a virtually guaranteed happenstance in particle physics [1] .
Either possibility provides a foundation for the electroweak unification and the generation of masses. Of the two, the simpler possibility is the existence of the Higgs particle. Accordingly, a tremendous amount of energy has been, and continues to be, devoted to theoretical and experimental searches for signatures of the Higgs boson [2] . The four experiments at LEP have recently placed a lower bound of M H ∼ 57 GeV@95%CL for a Standard Model (SM) Higgs [3] . With regard to the top quark mass, a direct SM lower bound of m t ∼ 89 GeV has also been obtained from the CDF experiment [4] .
Indirect SM upper bounds for m t and M H can be predicted by the theory based on quantum loop phenomenology. It is well known that heavy top quark loop corrections to certain low energy and electroweak (EW) observables (for example, the ρ parameter) are proportional to m 2 t and thus the quantum effects are quite sensitive to m t . The SM consistency of all the low energy experimental data requires m t < 182 GeV@95%CL, with a central value of m t = 125±30 GeV [5] . On the other hand, the mass dependence of a heavy Higgs loop correction varies as lnM 2 H in the SM. This is the famous one-loop "screening rule" first recognized by Veltman [6] . Since the dependence of quantum loop effects on the heavy Higgs is only logarithmic, low energy observables are not very sensitive to M H . However, recent analysis [7] indicates that a weak upper bound (M H ∼ 300 − 500 GeV) for the SM Higgs can be deduced from current low energy experimental data which is suggestive of a 'light' Higgs. In models with a broken supersymmetry, the tree level mass of the lightest Higgs generally lies below the Z mass [2] . However, the large radiative corrections to the Higgs boson masses due to a heavy top quark [8] may alter this situation significantly. is particularly problematical. It appears that rare decay modes of the Higgs such as H → Zγ, γγ, τ + τ − , bb, Θγ offer the greatest promise for providing an experimental signature of the particle's existence [9] . The decay of a Higgs with mass above the two W threshold is dominantly to two W 's, and so one might believe that a Higgs with mass not too far below twice the W mass may have a significant branching fraction to decay through W W * or W * W * intermediate states (W * denotes a virtual W ).
Marciano and Keung [10] have shown that for a standard model Higgs with mass below but near the two W threshold, the branching ratio for the decay H → W W * becomes significant; in fact, this decay mode dominates all others if the decay to tt is kinematically forbidden (i.e. M H < 2m t ). Barger et. al. [11] have considered the W * W * → four fermions decay mode in the massless fermion limit, and have made a thorough study of the SSC signal and backgrounds. Their conclusion is that only if m t , M H > 150 GeV will the decay signal be seen above the tt → WbW b and W continuum background channels.
Our results here are complementary to the work in [11] , and extend that work by including a single massive top quark in the final state. As in [11] , we allow both W 's to be virtual, and let phase space optimize the sharing of virtuality between the two W 's. Our exact results for Higgs → four fermions allow us to exhibit the correlations among final fermion energies and angles that test the presumably scalar nature of the parent Higgs particle. As an example of final state correlations, we display the dependence of the decay on the angle between the decay planes defined for each vector boson. The analogous azimuthal angular dependence for the process pion → e + e − e + e − was calculated over thirty years ago [12] , and ultimately provided the signature distinguishing between a scalar and a pseudoscalar 'pion' [13] .
In Sec.2 we present our result for the massless fermion limit (which agrees with the result in [11] ), and we discuss a class of nonstandard Higgses which do not couple directly to fermions. Such 'fermiophobic' Higgs decay through loops to two fermions, or through two gauge bosons to four fermions. The 'fermiophobic' Higgs branching ratio to four fermions is large, even if mass kinematics require both gauge bosons to be virtual; a calculation of this branching ratio requires the exact formulae presented in this paper. In Sec.3 we define the asymmetry parameters relevant to the angular correlations between the fermion planes, and explore the M H and virtual gauge-boson mass dependence of these parameters.
In Sec.4 we exhibit the rate for the tree level decay of the Higgs to a single heavy quark (e.g. top) plus three light fermions. Since the Higgs particle has a direct Yukawa coupling to fermions which scales with the fermion mass, this latter calculation includes a second graph with a potentially large contribution to the amplitude, and therefore provides an important contrast to the massless fermion case. We find that due to the large Yukawa coupling for large m t , the branching ratio to single top (e.g. H → tbsc) can be almost competitive with the dominant massless fermion decay mode H → W W → 4f , and is certainly competitive with the rare H → γγ, Zγ, bb, τ + τ − decay modes for a range of M H , m t values.
In Sec. 5, we present a brief discussion of the signature and backgrounds for the H → tbW * mode. We argue that the signal may be detectible at hadron colliders for Higgses produced in association with a tt pair, and at future high energy, high luminosity e + e − colliders. Interesting non-standard Higgs models are classified in Sec. 6, and the branching ratios to single top of these baroque Higgses are discussed. We conclude in Sec. 7. Detailed formulae for the decay of a Higgs boson to four fermions, including the massive heavy top, are collected in an appendix.
HIGGS DECAY TO FOUR MASSLESS FERMIONS
For H → W W, ZZ → 4f (where the W 's and Z's may be real or virtual), the relevant Feynman diagram when m f = 0 is shown in Fig.1(a) ; Fig.1 
in the decay width with the narrow width approximate (NWA) form πδ(
In agreement with [11] , we find that putting one W on-shell is a good approximation to the total decay rate for M H > 100 GeV. For Higgs decay through two Z's, we find that putting one Z on-shell approximates well the true decay rate if M H > 115 GeV.
In conclusion, we find that the rate for a SM Higgs particle to decay to four fermions is a percent of that for decay to bb, for M H ∼ 100 GeV, and falls rapidly for lighter Higgs masses; for M H > 100 GeV, the OGBOS approximation gives an accurate rate.
A bit of caution is required when applying the NWA to the Breit-Wigner integrals of Eqn.(A.21). If one Breit-Wigner is replaced by the NWA delta function, a multiplicative factor of two must be introduced to account for the probability for either W to be on-shell. Above the two W threshold, this factor of two must be removed since one W on-shell no longer precludes the possibility of the second W also being on-shell. If Eqn.(A.21) is used without approximation, there is no need to concern oneself with this extra counting.
The four-fermion mode becomes particularly interesting in models where the two-fermion modes are suppressed at tree level. Recall that in the SM with three families of quarks and leptons, the Higgs doublet plays a double role of gener-ating masses for both the gauge sector and fermion sector. In fact, there is a third role: the vacuum expectation value (VEV) of the Higgs field breaks not only the SU (2) × U (1) gauge symmetry but also the flavor symmetry [U (3)] 5 (the three copies of the five fields l L , q L , e R , u R , and d R ). The Higgs mechanism, originally employed to give nonzero masses to the gauge bosons while maintaining a renormalizable theory, may not be the source of the fermion masses or the flavor symmetry breaking. The independent generation of fermion masses and gauge bosons masses is conceptually possible [14] . A suppression of the Higgs couplings to fermions is easily enforced by introducing a discrete φ → −φ symmetry; the symmetry forbids Yukawa couplings [15] . We call the resulting Higgs fields 'fermiophobic', for although the fields couple to the gauge bosons at tree level, their coupling to fermions occurs only through loops and scalar field mixing (The loop and mixing-induced couplings are allowed since < φ > = 0 breaks the discrete symmetry). It is a logical possibility then that the sole Higgs particle introduced in the standard model is itself 'fermiophobic'. If so, the rate for a Higgs of intermediate mass to decay to four fermions via two virtual gauge bosons ( Fig.1(a) ) competes favorably with all other decays, namely Higgs → two fermions through scalar mixing and/or loop graphs, Higgs → γγ, or γZ through a W or charged Higgs loop, and Higgs → gg through one-loop and mixing, or through two loops. In fact, the decay rate to four fermions exceeds the rate to γγ or γZ if the Higgs mass exceeds 75 GeV. Branching ratios for a fermiophobic Higgs may be inferred from the SM branching ratios presented in Fig.2 of ref. [11] . If an intermediate mass Higgs is discovered, a comparison of its two fermion decay rate to its four fermion or two photon rate will immediately provide important information on the mechanism(s) of mass generation. [16] 
ANGULAR CORRELATIONS BETWEEN THE FERMION PLANES
Next we turn to the correlations among the final state of four massless fermions implied by the matrix element of Eqn.(A.4). The reader may recall that parity conservation implies that the two photons resulting from a scalar particle decay have parallel polarization directions, while the photons from a decaying pseudoscalar particle have perpendicular polarizations [17] . A similar result holds for decay of scalar and pseudoscalar bosons to two Z's or two W 's with momenta Q 1 and Q 2 and polarization vectors ǫ µ 1 (λ) and ǫ ν 2 (λ ′ ). The matrix element is linear in the two polarization vectors.
In the case of even-parity Higgs field surviving spontaneous symmetry breaking, the decay proceeds at the tree level with the two polarization vectors contracted ǫ 1 (λ) · ǫ 2 (λ ′ ), which tells us that the two gauge bosons emerge with the same linear polarization. In a helicity basis, the two gauge bosons emerge with the same helicity. For massive gauge bosons, there are of course three physical polarizations, and a fourth 'scalar' polarization for off-shell vector bosons which vanishes when coupled to a conserved current. In the case of the odd-parity neutral pseudoscalar decay, CP invariance of the gauge boson and scalar boson sectors is sufficient to ensure no tree level coupling [2] ; the process is loop induced with φFF being the lowest dimensional operator, just as in the π 0 → γγ case.
The Lorentz invariant resulting from this operator, linear in the two polarization
(times a coefficient down by α compared to the tree level scalar case). In the pseudoscalar particle rest frame this invariant is
, which tells us that only transverse polarizations, or equivalently, left and right helicities, are produced. Furthermore, the linear polarization vectors are perpendicular to each other. In a helicity basis, the two helicities are again identical. We expect the final decay planes to remember the vector boson polarizations, just as in electromagnetic decay of scalar or pseudoscalar particles to two e + e − pairs [12] . Since a scalar parent particle gives a Lorentz invariant combination of polarization vectors differing from that of a pseudoscalar parent, we expect the angular orientation of the final fermion decay planes to be an indicator of the parity of the parent particle.
So far, our discussion of polarization has concerned itself only with vector polarization. In fact, since the polarization of the gauge bosons cannot be directly measured, a true description of the gauge boson polarization requires a density matrix; the vector polarization is just the diagonal part of the general density matrix. The density matrix for an off-shell vector boson is a 4 × 4 matrix. Since our calculation couples the gauge boson to a conserved final state current (in the massless fermion approximation), only the 'physical' 3 × 3 sector contributes.
When either gauge boson is put on-shell and treated as an observable particle, as with the OGBOS approximation, the correlations contained in the off-diagonal elements are lost! Of course, all of the correlations implied by the density matrix formalism are contained in the exact result of Eqns.(A.17-21), which we use.
Let us define the azimuthal asymmetry parameters α 1 and α 2 according to the following formulae:
φ is the angle between the two planes, where each plane is defined by the two fermion momentum vectors resulting from the decay of a virtual or real gauge boson, as measured in the four fermion CMS (i.e. the Higgs boson rest frame). φ is invariant under boosts in the direction of the momentum of either gauge boson.
V stands for either the W W decay mode, or the ZZ mode. The expressions for 
At threshold α 2 (V ) = 1/6 (evident in our figure); above threshold α 2 (W ) and
What is new in our calculations are the below threshold results: α 2 (V ) falls as M H moves below the V V threshold, but slowly. When kinematics require one (two) V off-shell, the asymmetry is ≃ 10%(7%). For α 1 (V ), the threshold value is This slight displacement is also evident in our figure. The above threshold falloff is not so rapid as for α 2 , going asymptotically like (M V /M H ) 2 . The below threshold fall-off for α 1 is also weaker than for α 2 , dropping by 15%(30%) when one (two) V 's are kinematically moved off-shell.
The asymmetries arise from interference among the possible H → V ( * ) V ( * ) helicity amplitudes. In terms of helicity amplitudes, the dependence of α 1 and α 2 on M H is qualitatively easy to understand. Only interferences between ±1 helicities and zero helicities contribute to α 1 , while only interferences between ±1 helicities and ±1 helicities contribute to α 2 . At threshold, all helicity states are equally populated and the relative interferences are maximized. For an offshell V , the longitudinal mode is slightly more populated than the transverse mode, reducing the relative interference and thereby, the asymmetries. Above threshold, the transverse modes are greatly suppressed relative to the longitudinal mode, asymptotically like (M V /M H ) 2 , and so the asymmetries α 1 and α 2 fall like
As may be seen from Eqns.(A17-20), the asymmetry coefficients are independent of the final state except for α 1 (Z). α 1 (Z) is maximized when Z * Z * → two down-type quark pairs. For each up-type quark pair in the final state α 1 (Z) is reduced by 0.73; for each charged lepton pair by a factor of 0.17. In fact it is easy to see that α 1 (V ) is maximized when the V ff coupling is purely chiral (either left-handed or right-handed) so that parity violation is maximal, and goes to zero for a coupling that is pure vector or axial vector.
The nearness of sin 2 θ w to the "magic" value 1/4 means that the vector coupling of the Z to a charged lepton pair is nearly zero; this in turn means that the asymmetry α 1 (Z) with a l + l − in the final state is nearly zero. This circum-stance is most unkind, since the Z → l + l − mode has the best signature, both in terms of beating backgrounds, and beating the ±n ambiguity. Prospects for reconstruction of the Higgs and its decay planes are better at e + e − machines than at hadron colliders.
As explained earlier, a CP-odd pseudoscalar meson does not couple to the longitudinal V 's. Accordingly, it has a vanishing α 1 , but a maximal and negative
4 [18] . Such would be the asymmetries for a technipion, for example.
Incidentally, it is just this angular orientation of decay planes that was used to definitely determine the parity of the neutral pion thirty years ago [13] . Perhaps after extraordinary effort physics history will repeat itself. Or perhaps other observables, such as the fermion-antifermion lab energy asymmetries E + /E − or averaged rest frame polar angles [20] , will prove more useful.
HIGGS DECAY TO FOUR FERMIONS INCLUDING SINGLE TOP
The coupling of the standard model Higgs to a fermion scales as the fermion mass over the electroweak VEV, ∼ 250 GeV. Therefore, unless a fermion is heavy on the scale of the W or Z, its coupling to the Higgs is negligible. Here we consider the modification of our decay rate to four fermions when fermion masses are included. We take one fermion to be massive, and continue to neglect the other fermion masses [21] . The relevant example we consider is the decay of In addition to the graph of Fig.1(a) already considered, there is the additional graph of Fig.1(b) , proportional to the Htt coupling. Since Z bosons conserve flavor and therefore cannot produce a single top, the only gauge boson contributing in Fig.1(a) to be needed to obtain such a branching ratio. A concern is that there is no obvious signature distinguishing the t"t" from H → tbW ( * ) , from the second tt in the QCD signal; all tops will tend to be produced near threshold. The extra combinatoric possibilities available with four tops is also problematic. A Monte Carlo simulation is required to quantitatively determine detection capabilities for the H → tbW ( * ) mode. GeV Higgs it is roughly 0.1 pb over the range √ s = 500 GeV to √ s = 1 T eV, and for a 500 GeV Higgs it is 0.03 pb at √ s = 1 T eV [2] . Thus, with 10f b −1 /yr of luminosity, 300 to 3000 Higgs events per year are anticipated. A 100f b −1 /yr machine has even been discussed, for which the rates are larger by a factor of ten. We conclude that branching ratios as small as 10 −3 may be detectible.
Finally, we comment that if M H exceeds tt threshold, as opposed to the mass range m t < M H < 2m t considered in this paper, then
which suggests that the Htt coupling may be experimentally accessible if BR(H → tt) exceeds 10 −2 . Using SM formulae, one finds What is clear is that when a Higgs particle is finally discovered, its branching ratios will be very revealing. From the SM branching ratios of Fig.2 in reference [11] , one may infer the dominant decay modes of non-standard Higgses: for a neutral fermiophobic Higgs, omit the two-fermion and two-gluon modes; for a neutral gaugeophobic Higgs, omit the four-fermion, W W , and ZZ modes.
Ignoring the loop-and mixing-induced H → ff rate and the two-loop H → gg rate, one learns that the dominant decay mode for a fermiophobic Higgs is γγ for M H ≤ 80 GeV, and four fermions for M H > 80 GeV (via W * W * for 80 GeV ≤ M H ≤ 100 GeV, via W * W for 100 GeV ≤ M H ≤ 2M W , and via W W above the production threshold). Estimates of the rates for the inducedf f and gg modes require calculations within a specific model. For a heavy gaugeophobic Higgs, the tt mode is dominant over the WW mode.
At the SSC machine with energy √ s ∼ 40 TeV, the gg → top-loop → H chain is expected to be the dominant production mechanism for a standard Higgs with M H ≤ 5m t (as here). However, a fermiophobic Higgs may in fact have as its dominant production mode W W fusion, or W * → W H, with a smaller production rate. At an e + e − machine, the standard Higgs is expected to be produced via Z * → Z + H for √ s up to 400GeV + 0.6M H , and by WW fusion at higher √ s [2] . A gaugeophobic Higgs would have a suppressed production rate, either in association with bb or tt (if kinematicaly allowed), or via a top-loop.
Let us now discuss changes in the rate for H → t+ 3 fermions when the Higgs is non-standard. Let v/ √ 2 denote the VEV of the non-standard scalar multiplet.
Then the HW W coupling is g 2 v/2 and the Htt coupling is an arbitrary constant g Y . If we make the reasonable assumption that all Higgs fields couple to top with the same sign, then
we write Finally, we have shown that the rate for Higgs → single top is a sensitive measure of any "non-standardness" in either the Higgs-gauge boson and/or the Higgs-fermion sectors of the true theory. We havediscussed the implications of "non-standardness" in these sectors for the general issue of fermion and gauge boson mass generation. 18 
APPENDIX
The Lorentz invariant matrix element for particle decay to a four body final state depends on five independent variables. We find it convenient to use as variables the invariant mass of each fermion pair connected by a common fermion line (there are two of these), the polar angle of the particle momentum with respect to the pair momentum direction, evaluated in the pair center of mass frame (there are two of these), and the azimuthal angle describing the orientation of one plane defined by paired fermion momenta relative to the plane defined by the other paired momenta (there is one of these). For the case with all massless final state particles, where only graph 1(a) contributes, the first four of these variables are just the virtual W or Z boson invariant masses, and the fermion momentum direction relative to its parent W or Z momentum direction, evaluated in the W or Z boson rest frame. The Lorentz invariant phase space in terms of these variables is
where λ(a, b, c) = a 2 + b 2 + c 2 − 2(ab + bc + ca) is the usual triangle function.
(An alternate choice of the five independent phase space variables is discussed in
[31]). The width is
expresses the summation over the squares of the amplitudes from Figs.1(a) and 1(b), and the interference of the two amplitudes. The expressions for these squared matrix elements are
where g = |e|/ sin θ w , and
is the vector boson Breit-Wigner factor (V = W or Z). For convenience, we take M Z and Γ Z to be 91 and 2.5 GeV, respectively, and M W and Γ W to be 80 and 2.1 GeV, respectively.
The weak mixing angle is taken to be sin 2 θ w = 0.23. In all of our rate equations, 3 n is a color factor, with n being the number of quark-antiquark pairs in the final state.
Note that we have retained the b-quark mass in the phase space. However, we have omitted it in the above matrix elements since to the same order in m b /M W there is a further graph given by exchanging the b and t quarks in Fig.1(b) , which we have not included. We take m b = 4.7 GeV. For the top width Γ t , we have summed the following expression over (f,f ′ ) = (u,d), (c,s), (ν e , e + ), (ν µ , µ + ), (ν τ , τ + ) :
where
It is not difficult to analytically integrate out the light fermion pair. The resulting expression depends on three variables, which we choose to be the paired fermion invariant masses (two of these) and twice the dot product of the Higgs four-momentum (P ) with the heavy fermion four-momentum (t); we call this invariant variable ξ = 2P · t . The Lorentz invariant phase space is
A technical difficulty arises as this point. As m b is turned on from zero, ξ − decreases, therein going out of the physical region for the m 2 b = 0 matrix element. We have cured this disease by setting
We find for the squared matrix element, in the m b = 0 limit,
The limit of all massless final state particles is easily obtained from the above equations. For the V * V * intermediate state (V = W or Z), the result is 
